Motivated by the nematic electronic fluid phase in Sr3Ru2O7, we develop a combined scheme of the renormalization-group method and the random-phase-approximation-type method, and analyze orbital susceptibilities of the (dxz, dyz)-orbital Hubbard model with high accuracy. It is confirmed that the present model exhibits a ferro-orbital instability near the magnetic or superconducting quantum criticality, due to the AslamazovLarkin-type vertex corrections. This mechanism of orbital nematic order presents a natural explanation for the nematic order in Sr3Ru2O7, and is expected to be realized in various multiorbital systems, such as Fe-based superconductors. PACS numbers: 74.70.Pq, 71.10.Fd, 71.27.+a, 75.25.Dk A bilayer ruthenate compound Sr 3 Ru 2 O 7 has attracted much attention since it exhibits a unique quantum critical behavior [1][2] [3] [4] . Field-induced antiferromagnetic quantum criticality is observed by the many experiments such as the NMR measurements [5] . Surprisingly, the magnetic quantum critical point is hidden by the formation of the nematic electronic liquid phase at very low temperatures (∼ 1K). The orientational-symmetry breaking in the nematic phase is confirmed by the large anisotropy of in-plane resistivity [4, 6, 7] . Thus, the quantum criticality and nematic phase formation are intimately linked in this material [4] .
Motivated by the nematic electronic fluid phase in Sr3Ru2O7, we develop a combined scheme of the renormalization-group method and the random-phase-approximation-type method, and analyze orbital susceptibilities of the (dxz, dyz)-orbital Hubbard model with high accuracy. It is confirmed that the present model exhibits a ferro-orbital instability near the magnetic or superconducting quantum criticality, due to the AslamazovLarkin-type vertex corrections. This mechanism of orbital nematic order presents a natural explanation for the nematic order in Sr3Ru2O7, and is expected to be realized in various multiorbital systems, such as Fe-based superconductors. A bilayer ruthenate compound Sr 3 Ru 2 O 7 has attracted much attention since it exhibits a unique quantum critical behavior [1] [2] [3] [4] . Field-induced antiferromagnetic quantum criticality is observed by the many experiments such as the NMR measurements [5] . Surprisingly, the magnetic quantum critical point is hidden by the formation of the nematic electronic liquid phase at very low temperatures (∼ 1K). The orientational-symmetry breaking in the nematic phase is confirmed by the large anisotropy of in-plane resistivity [4, 6, 7] . Thus, the quantum criticality and nematic phase formation are intimately linked in this material [4] .
The band structure of the ruthenate oxides are composed of the Ru t 2g (d xy , d xz , and d yz ) orbitals. For a microscopic understanding of the nematic phase in Sr 3 Ru 2 O 7 , a large number of theoretical works have been devoted. The spontaneous violation of the C 4 symmetry of the Fermi surface (FS), i.e., Pomeranchuk instability, had been frequently discussed by focusing on the van Hove singularity. The scenario of the singleband Pomeranchuk instability was originally proposed by using the renormalization-group (RG) method [8] , and has been analyzed by the mean-field [9] [10] [11] [12] and perturbation [13] studies. However, the temperature-flow (T -flow) RG scheme [14] [15] [16] indicates that the nematic fluctuation is always weaker than other instabilities. Thus, the possibility of the singleband Pomeranchuk instability is not settled yet.
An alternative theoretical route to elucidate the nematic phase is to focus on the two d xz and d yz orbitals, which give rise to quasi-one-dimensional α and β bands. It has been pointed out that the nematic state is described as an orbital ordering ( n xz = n yz ). This ferro-orbital-order scenario has been analyzed within the mean-field-level approximation by focusing only on the q = 0 modes [17] [18] [19] . However, the random phase approximation (RPA) leads to the occurrence of the antiferro-orbital order because of the nesting of the FS [20] . Therefore, the theoretical analysis beyond the RPA is required.
Recently, a similar nematic phase in Fe-based superconductors, which are also multiorbital systems, has attracted great attention [21, 22] . Up to now, both the spin nematic [23] and orbital nematic [24] theories had been proposed. The latter theory pointed out the importance of the vertex correction (VC) in the nematic order. However, they studied a limited number of VCs, so the importance of VCs should be clarified by other unbiased theoretical techniques. For this purpose, the RG treatment is quite suitable because the RG method enables us to perform the systematic calculations of VCs.
In this Letter, we develop an RG scheme and perform accurate evaluations of spin and orbital susceptibilities in the (d xz , d yz )-orbital Hubbard model. We find that the strong orbital nematic fluctuation, i.e., orbital Pomeranchuk instability, emerges near the magnetic or superconducting quantum criticality due to the VCs. The present RG study confirms the validity of our previous perturbation analysis in Ref. [25] . It is confirmed that the two-orbital single-layer Hubbard model is a minimal model to describe the orbital nematic order realized in Sr 3 Ru 2 O 7 .
We consider a single-layer (d xz , d yz )-orbital model, where the orbital index µ = 1 and 2 refer to d xz and d yz , respectively. The tight-binding Hamiltonian with tetragonal symmetry is given in the form
where
′ sin k x sin k y , withμ the chemical potential. We set t = 1 as the energy unit. We also consider the multiorbital Hubbard interactions composed of the intra (inter) orbital interaction U (U ′ ), and the exchange and pairhopping interaction J. Throughout the Letter, the condition U = U ′ + 2J is assumed. The energy band structure and the FSs obtained from H 0 are shown in Fig. 1 . The α band forms a holelike FS centered at (π, π) while the β band forms an electronlike FS centered at (0, 0). The RG equations are shown in Fig. 2 (a) , where χ(q), R(q; k 1 , k 2 ), and Γ(k 1 , k 2 ; k 3 , k 4 ) are the susceptibility, the three-point and four-point vertices, respectively [26] [27] [28] [29] . The scattering processes of electrons having energies less than a cutoff Λ 0 are integrated within the RG scheme. In the present analysis we introduce 24 patches shown in Fig. 1 (b) . As in previous works, the momenta k i in R and Γ are projected onto the Fermi surface, shown in Fig. 1 
(b).
In contrast to the conventional patch scheme [16] , we take the initial cutoff Λ 0 as a smaller value shown in Fig. 1 (a) . Then, we treat the higher-energy contributions (> Λ 0 ) by the constrained RPA (cRPA) type method, in which the highenergy interactions are included to the infinite order for RPAtype diagrams. In the present "RG+cRPA scheme", we calculate the initial values of Γ, R, and χ by the cRPA-type treatment, as shown in Fig. 2 . This can be further improved by including the "constrained" VCs perturbatively into the initial values (cRPA+VC method). We will show that the present RG scheme gives small corrections to the initial values, however, provides accurate and nontrivial results for the orbital susceptibilities.
In a conventional patch RG scheme, the higher-energy contributions are treated less accurately because of the projection of momenta on the Fermi surface. In the present scheme, in contrast, the higher-energy contributions can be accurately calculated perturbatively with fine k meshes. Especially, this treatment is advantageous for the multiorbital model, in which the vertices are k dependent even in the bare interactions [16] . Thus the present scheme is a natural combination of the merits of the RG (for lower energy) and RPA-type treatment (for higher energy), and enables us to obtain very accurate susceptibilities. This treatment is consistent with the Wick-ordered scheme of the exact functional RG (fRG) formalism in Ref. [16] , so the contributions from the RG and cRPA are not overcounted.
In order to analyze the dominant fluctuations in the present two-orbital system, we calculate the susceptibilities by using the RG method. The main purpose of the present Letter is to analyze the quadrupole (orbital) susceptibility at low temperatures. In the present model, there are two irreducible quadrupole operators [25, 30] :
where j is the site index. The quadrupole susceptibility per spin is given by χ
where τ is the imaginary time and β = 1/(k B T ). The divergence of χ q x 2 −y 2 (q = 0) reflects the emergence of the orbital nematic state ( n xz = n yz ), which is consistent with the nematic phase in Sr 3 Ru 2 O 7 . In addition, we analyze the spin χ s (q) and charge χ c (q) susceptibilities. In order to confirm the reliability of this treatment, we will show the results in the temperature region where χ c (0) remains nonsingular.
In the RPA without VCs [20, 25] , χ s RPA (q) and χ q RPA x 2 −y 2 (q) are mainly enhanced by U and U ′ , respectively, and both of them have peak structures at the nesting vector q = Q due to the nesting of FSs. χ s RPA (Q) is always larger than χ q RPA x 2 −y 2 (Q) for the realistic parameter U > U ′ . We stress that χ q RPA x 2 −y 2 (q = 0) remains small, meaning that the nematic order is not realized in the RPA. Nonetheless, we will show In order to analyze low-temperature properties accurately, we linearize the band dispersion within the cutoff scale Λ 0 and change the k summation into the energy (ξ) integration [31] . In the present numerical study, we consider the case for the electron filling n = 2.7 and 3.3, where we choose the cutoff Λ 0 = 0.5 and 0.2, respectively.
First, we focus on the case with large filling n = 3.3, where the hopping parameters are chosen as (t ′ , t nn , t nnn ) = (0.1, 0, 0). The best nesting vector is given by Q ≈ (0.35π, 0.35π). Now, we treat the high-energy parts (> Λ 0 ) by the cRPA+VC method [32] . The T dependences of the spin, charge, and quadrupole susceptibilities are shown in Fig.  3 . By making the direct comparison to the RPA results, we can elucidate the effects of VCs. In the high temperature (T > ∼ 0.3) region, all the susceptibilities exhibit similar behavior to the RPA results [33] . Even at low temperatures, the nonsingular susceptibilities χ c (0) and χ q xy (0) show the same T dependences as in RPA. These facts strongly indicate the reliability of the present RG scheme. The effect of VCs suppresses χ s (Q) at low temperatures. The most striking feature of Fig. 3 is the critical enhancement of χ q x 2 −y 2 (0) at low temperatures, which cannot be derived from RPA. In Fig. 4 , the momentum dependences of χ s (q), χ c (q), and χ q x 2 −y 2 (q) for T = 0.06 are shown. Since the initial values for χ q x 2 −y 2 | l=0 give small contributions and have weak T dependences (inset of Fig. 4) , the critical enhancement of χ q x 2 −y 2 (0) is achieved by the RG procedure. We stress that the enhancement in χ q x 2 −y 2 (q) is restricted to the q ≈ 0 region, indicating the emergence of the orbital nematic order.
Here, we discuss the reason why χ q x 2 −y 2 (q) is critically enhanced only for q ≈ 0 in the present RG analysis. The enhancement of the q ≈ 0 mode is a strong hallmark of the dominant contributions of the Aslamazov-Larkin (AL) type VCs, since these VCs are known as the enhancement mechanisms of q ≈ 0 susceptibilities. In Fig. 3 , both χ q x 2 −y 2 (0) and χ s (Q) show similar Curie-Weiss behaviors, indicating that the enhancement of χ q x 2 −y 2 (0) originates from the spin fluctuations. As indicated in Refs. [24, 25] , the AL term due to the magnetic fluctuations [ Fig. 5 (a) ] gives the enhancement of χ q x 2 −y 2 (0). Therefore, the magnetic AL term of Fig. 5 (a) is the natural origin of the enhancement of χ q x 2 −y 2 (0). As the origin of the field-induced magnetic quantum criticality, both the van Hove singularity [9] [10] [11] [12] and the field-suppression of quantum fluctuation [34] mechanisms had been discussed previously.
Next, we will show the importance of the AL term due to the superconducting fluctuations [ Fig. 5 (b) ], which was not discussed in Refs. [24, 25] . For this purpose, we introduce the effective interaction for ferro-orbital fluctuations Γ quad and that for superconducting fluctuations Γ SCd , which give the quadrupole and d-wave superconducting susceptibilities:
, where u µν (k) is the unitary matrix for diagonalizing the kinetic term H 0 . Also, D p is the d-wave form factor:
In the present numerical study, we consider smaller filling (n = 2.7), and put (t ′ , t nn , t nnn ) = (0.1, 0.15, 0.03) [20] , where the best nesting vector is Q ≈ (0.6π, 0.6π). Here, we employ the cRPA method since the VC for the initial values is not necessary to obtain the orbital nematic fluctuations. The scaling flows of Γ quad and Γ SCd are shown in Fig. 5 (c) [35] . The obtained Γ quad weakly depends on l at high energies, while it exhibits a steep increase in magnitude when Λ l = Λ quad (≈ 10 −3 ). This behavior gives the divergent behavior in χ q x 2 −y 2 (0). Moreover, Γ SCd also shows a steep increase in magnitude at Λ l ≈ Λ quad : This fact means that the development of χ q x 2 −y 2 (0) is closely related to the superconducting fluctuations. From the diagrammatic arguments, we conclude that the major contribution is given by the superconducting AL term in Fig. 5 (b) , which represents the coupling between the quadruple and superconducting fluctuations.
The T dependences of the susceptibilities for the case of n = 2.7 are shown in Fig. 5 (d) [36] . The spin susceptibility χ s (Q) is almost T independent below T * ≈ 10 −2 due to the effect of nesting deviation. Such a behavior is reminiscent of the Peierls instability in quasi-one-dimensional systems [37, 38] . The quadrupole susceptibility χ q x 2 −y 2 (0) shows a divergent behavior at T = T quad ≈ 10 −3 , which is the same energy scale of the divergent behavior in Γ quad observed in Fig. 5 (c) . In contrast, χ c (0) and χ q xy (0) show no anomaly even at T ≈ T quad , which would ensure the reliability of the singular behavior in χ q x 2 −y 2 (0). In summary, we have developed the RG+cRPA method for the clarification of the important effects of VCs in susceptibilities, and we have confirmed the orbital Pomeranchuk instability driven by magnetic and superconducting quantum criticalities. In the large-filling case (n = 3.3), χ q x 2 −y 2 (0) is critically enhanced by the AL-type VC due to the spin fluctuations, consistently with the predictions in Ref. [25] . In addition, we studied the small-filling case (n = 2.7) and also found the development of χ q x 2 −y 2 (0) driven by the superconducting fluctuations. Since the quadrupole operatorÔ x 2 −y 2 represents the order parameter of the orbital ordering [Eq. (2)], both mechanisms would contribute to the nematic phase in Sr 3 Ru 2 O 7 . The present mechanisms of the orbital nematic phase would be realized in various multiorbital systems.
